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The nonlinear (full-f) electromagnetic gyrokinetic Vlasov-Maxwell equations are derived in the
parallel-symplectic representation from an Eulerian gyrokinetic variational principle. The gyroki-
netic Vlasov-Maxwell equations are shown to possess an exact energy conservation law, which is
derived by Noether method from the gyrokinetic variational principle. Here, the gyrocenter Pois-
son bracket and the gyrocenter Jacobian contain contributions from the perturbed magnetic field.
In the full-f formulation of the gyrokinetic Vlasov-Maxwell theory presented here, the gyrocenter
parallel-Ampe`re equation contains a second-order contribution to the gyrocenter current density
that is derived from the second-order gyrocenter ponderomotive Hamiltonian.
I. INTRODUCTION
The Hamiltonian formulation of the gyrokinetic Vlasov equation is based on the existence of a gyrocenter Hamil-
tonian function Hgy and a gyrocenter Poisson bracket { , }gy in terms of which the characteristics of the gyrokinetic
Vlasov equation are expressed as {Z
a
, Hgy}gy. When electromagnetic effects are included into the gyrokinetic for-
malism [1–3], the perturbed magnetic field can either appear in the gyrocenter Hamiltonian alone (in the Hamiltonian
representation), in the gyrocenter Poisson bracket (in the symplectic representation), or both. These representations
are said to be equivalent in the sense that the gyrocenter magnetic moment µ ≡ JΩ/B is the same in all represen-
tations [4]. Here, the gyrocenter phase-space coordinates Z
α
= (X, p‖, J, ζ) include the gyrocenter position X, the
gyrocenter parallel (kinetic) momentum p‖, the gyrocenter gyroaction J and its canonically-conjugate gyroangle ζ. In
the present work, because of the time-dependence of the electromagnetic-field fluctuations, we also use the extended
gyrocenter phase-space coordinates Z
a
= (Z
α
, w, t), which include time t and the canonically-conjugate energy w.
A. Parallel-symplectic representation
In the parallel-symplectic representation of gyrokinetic theory [4], the gyrocenter Poisson bracket { , }gy contains
terms involving the perturbed parallel magnetic vector potential A1‖ ≡ b̂0 ·A1, where the nonuniform background
magnetic field B0 ≡ B0 b̂0 is expected to satisfy the standard guiding-center ordering [5]. The perpendicular com-
ponents A1⊥(≡ A1 − A1‖ b̂0) of the perturbed magnetic vector potential, which are associated with the parallel
(compressional) component of the perturbed magnetic field (B1‖ ≡ b̂0 ·B1), appear in the gyrocenter Hamiltonian
Hgy. We note that, while the so-called cancellation problem is avoided in the parallel-symplectic representation [6, 7],
the parallel component of the perturbed inductive electric field appears explicitly in the gyrocenter parallel force
equation, which is now expressed in terms of the gyrocenter kinetic momentum p‖.
The self-consistent inclusion of gyrokinetic effects into the Maxwell equations relies on the existence of a variational
principle. Lagrangian [8] and Eulerian [9, 10] variational principles for the electromagnetic gyrokinetic Vlasov-Maxwell
equations were previously given in the Hamiltonian representation. These variational principles were given in the full-f
version of nonlinear gyrokinetic theory, in which the gyrocenter Vlasov distribution is not decomposed into a reference
(time-independent) distribution function and a time-dependent perturbed distribution function. The Eulerian varia-
tional principle for the truncated-f (i.e., δf) version of the nonlinear gyrokinetic Vlasov-Maxwell equations, which is
the version most commonly implemented in numerical gyrokinetic simulations, were presented in Refs. [11, 12].
The purpose of the present work is to present the Eulerian variational principle for the (full-f) electromagnetic
gyrokinetic Vlasov-Maxwell equations in the parallel-symplectic representation, in which the parallel component of
the perturbed magnetic vector potential appears in the gyrocenter Poisson bracket and the gyrocenter Jacobian.
B. Organization
The remainder of this paper is organized as follows. In Sec. II, we define the gyrocenter phase-space transformation
used to construct the gyrocenter Poisson bracket in the parallel-symplectic representation. Here, the gyrocenter phase-
space transformation from the guiding-center phase-space coordinates Za to the gyrocenter phase-space coordinates
2Z
a
is derived up to second order in the perturbation ordering parameter ǫ, where the time coordinate t is unaffected
by the transformation. We easily verify that our transformation yields a gyrocenter gyroaction J that is independent
of the representation used in gyrokinetic theory, i.e., the gyrocenter gyroaction obtained in the parallel-symplectic
representation is identical to the one obtained in the Hamiltonian representation [2, 4]. Next, in Sec. III, we use the
gyrocenter phase-space transformation to derive the gyrocenter Hamiltonian up to second order in the perturbation
parameter ǫ. The gyrocenter Hamilton equations of motion, which are then expressed in terms of the gyrocenter
Hamiltonian and the gyrocenter Poisson bracket, are shown to satisfy the gyrocenter Liouville Theorem. In Sec. IV,
we introduce the gyrokinetic variational principle from which we derive the gyrokinetic Vlasov-Maxwell equations
in the parallel-symplectic representation in Sec. V. In addition, we show in Sec. V that the gyrokinetic Vlasov-
Maxwell equations possess an exact energy conservation law derived from the gyrokinetic Noether equation derived in
Sec. IV. We summarize our work in Sec. VI, where we also comment on the the truncated-f version of the nonlinear
gyrokinetic Vlasov-Maxwell equations in the parallel-symplectic representation. Lastly, we present two appendices
containing detailed derivations of results presented in the text.
II. DERIVATION OF THE GYROCENTER POISSON BRACKET BY LIE-TRANSFORM
PERTURBATION METHOD
In the parallel-symplectic representation presented here, we use the Lie-transform perturbation method to derive
the gyrocenter symplectic one-form from the perturbed guiding-center symplectic one-form [2, 3]:
Γgy = T
−1
gy
(
Γ0gc + ǫΓ1gc
)
+ dS ≡ Γ0gy + ǫ Γ1gy, (1)
where the gyrocenter push-forward T−1gy ≡ · · · exp(−ǫ
2
£2gy) exp(−ǫ£1gy) is expressed in terms of Lie derivatives
(£1gy,£2gy, · · · ) generated by the phase-space vector fields (G1,G2, · · · ) associated with the phase-space transforma-
tion to the extended gyrocenter coordinates Z
a
, and the gyroangle-dependent gauge functions (S1, S2, · · · ) generate
the canonical part of the gyrocenter phase-space transformation. In Eq. (1), the unperturbed gyrocenter one-form is
expressed in terms of the unperturbed guiding-center one-form:
Γ0gy ≡ Γ0gc =
(e
c
A0 + p‖b̂0 − J R
∗
0
)
· dX+ J dζ − w dt, (2)
where the guiding-center gyrogauge vector is R∗0 ≡ R+
1
2
∇× b̂0 (see Eqs. (13) and (69) of Ref. [13]).
The first-order perturbed guiding-center one-form in Eq. (1) is defined in terms of the guiding-center push-forward
of the perturbed particle one-form:
Γ1gc = T
−1
gc
(e
c
A1 · dx
)
≡
e
c
A1gc ·
(
dX+ dρgc
)
, (3)
where the guiding-center push-forward operator T−1gc transforms the perturbed particle one-form into guiding-center
phase space, with A1gc ≡ A1(X+ ρgc, t). Here, the guiding-center displacement ρgc ≡ T
−1
gc x−X is defined in terms
of the guiding-center push-forward of the particle position x (viewed as a function on particle phase space), and the
exterior derivative dρgc ≡ dZ
α (∂ρgc/∂Z
α) in Eq. (3) does not include derivatives with respect to (w, t).
The purpose of the gyrocenter phase-space transformation is to remove the gyroangle dependence from the first-
order gyrocenter symplectic one-form (3), which, in the parallel-symplectic representation, is transformed into the
first-order gyrocenter symplectic one-form
Γ1gy ≡
e
c
〈A1‖gc〉 b̂0 · dX, (4)
where 〈A1‖gc〉 ≡
∫ 2π
0
A1‖gc dζ/2π denotes the gyroangle-averaged part of A1‖gc ≡ A1‖(X + ρ0, t). Here, and in what
follows, we have replaced the full guiding-center displacement ρgc → ρ0 with the lowest-order guiding-center gyroradius
ρ0, which is explicitly gyroangle-dependent. (Higher-order guiding-center corrections, which are not included in the
present work, involve the spatial nonuniformity of the backgroundmagnetic fieldB0 and are discussed in Refs. [13, 15].)
A. First-order gyrocenter transformation
By substituting Eqs. (3)-(4) into the first-order terms in Eq. (1), we obtain
e
c
〈A1‖gc〉 b̂0 · dX =
e
c
A1gc ·
(
dX + dρ0
)
− G1 · ω0gc + dS1,
3which yields the first-order generating-field components Ga1 as functions of S1 and A1gc:
Ga1 = {S1, Z
a
}0 +
e
c
A1gc ·
{
X+ ρ0, Z
a
}
0
−
e
c
〈A1‖gc〉 b̂0 · {X, Z
a
}0
= {S1, Z
a
}0 +
e
c
A1⊥gc ·
{
X+ ρ0, Z
a
}
0
+
e
c
A˜1‖gc b̂0 · {X, Z
a
}0, (5)
where A˜1‖gc ≡ A1‖gc−〈A1‖gc〉 denotes the gyroangle-dependent part of A1‖gc, the unperturbed guiding-center Poisson
bracket { , }0 is derived from the inversion of the unperturbed gyrocenter Lagrange two-form ω0gy ≡ dΓ0gy obtained
from Eq. (2) [i.e., it is obtained from Eq. (11) in the limit ǫ → 0], and we have used b̂0 · {ρ0,Z
a
}0 = 0 and we
find b̂0 · {X, Z
a
}0 = ∂Z
a
/∂p‖. We note that, since the gyrocenter gyroaction J satisfies the Darboux constraint
{J, Z
a
}gy ≡ − ∂Z
a
/∂ζ on the gyrocenter Poisson bracket, the first-order component
GJ1 =
∂S1
∂ζ
+
e
c
∂ρ0
∂ζ
·A1⊥gc (6)
is independent of the representation used in gyrokinetic theory since the gauge function S1 is also a representation-
invariant function [see Eq. (25)]. A simpler way to explain this equivalence of gyrokinetic representations is based on
the fact that the component (6) is identical to the one obtained in the Hamiltonian representation (see Eq. (166) in
Ref. [4], where the gyrocenter magnetic moment µ ≡ J e/mc is used instead of the gyrocenter gyroaction J).
B. Second-order gyrocenter transformation
At second order ǫ2 in Eq. (1), with Γ2gy = 0 = Γ2gc, we obtain
0 = − G2 · ω0gc −
1
2
G1 · (ω1gc + ω1gy) + dS2
which yields the second-order generating-field components Ga2 as functions of (S1, S2) and A1gc:
Ga2 = {S2, Z
a
}0 +
e
2c
(
ρ1gy ·
[{
X+ ρ0, Z
a
}
0
×B1gc − {t, Z
a
}0
∂A1gc
∂t
]
− GJ1
∂〈A1‖gc〉
∂J
b̂0 · {X, Z
a
}0
)
−
e
2c
GX1 ·
[
{X,Z
a
}0 ×
(
∇× (〈A1‖gc〉 b̂0)
)
− b̂0
(
{J, Z
a
}0
∂〈A1‖gc〉
∂J
+ {t, Z
a
}0
∂〈A1‖gc〉
∂t
)]
, (7)
where we have used the fact that Gt1 ≡ 0 (in fact, since time is not affected by the gyrocenter phase-space transforma-
tion, we have Gtn ≡ 0 for n ≥ 1) and we have introduced the guiding-center first-order magnetic field B1gc ≡ ∇×A1gc.
In addition, the first-order gyrocenter displacement ρ1gy [14, 15] is defined as
ρ1gy ≡
(
d
dǫ
T
−1
gy (X+ ρ0)
)
ǫ=0
= −
(
GX1 + G1 · dρ0
)
=
{
X+ ρ0, S1
}
0
, (8)
where we used the guiding-center identities {X + ρ0,X + ρ0}0 = 0 = b̂0 · {X,X + ρ0}0. Lastly, we note that, using
the Darboux constraint {J, Z
a
}0 ≡ − ∂Z
a
/∂ζ in Eq. (7), we obtain the second-order component
GJ2 =
∂S2
∂ζ
−
e
2c
∂ρ0
∂ζ
·
(
ρ1gy × B1gc
)
, (9)
which is also independent of the representation used in gyrokinetic theory.
C. Gyrocenter Poisson bracket
In the parallel-symplectic representation considered in the present paper, we combine the one-forms (2) and (4) to
obtain the extended gyrocenter phase-space symplectic one-form
Γgy =
[e
c
(
A0 + ǫ 〈A1‖gc〉 b̂0
)
+ p‖ b̂0
]
· dX + J
(
dζ − R∗0 · dX
)
− w dt, (10)
4which is then used to derive the gyrocenter Poisson bracket { , }gy as follows [4]. First, we compute the gyrocenter two-
form ωgy ≡ dΓgy =
1
2
(ωgy)ab dZ
a
∧dZ
b
, whose components form the gyrocenter Lagrange 8×8 antisymmetric matrix
ωgy. Next, provided the matrix ωgy has a nonvanishing determinant (i.e., detωgy = J
2
gy 6= 0, where Jgy denotes the
gyrocenter Jacobian), we invert the gyrocenter matrix ωgy to obtain the antisymmetric gyrocenter Poisson matrix
whose components define the fundamental gyrocenter Poisson brackets: Jabgy ≡ {Z
a
, Z
b
}gy.
Hence, using this inversion procedure, we construct the gyrocenter Poisson bracket
{F , G}gy ≡
∂F
∂Z
a J
ab
gy
∂G
∂Z
b
=
(
∂F
∂ζ
∂G
∂J
−
∂F
∂J
∂G
∂ζ
)
+
B
∗
ǫ
B∗
ǫ‖
·
(
∇
∗
ǫF
∂G
∂p‖
−
∂F
∂p‖
∇
∗
ǫG
)
−
c b̂0
eB∗
ǫ‖
·
(
∇
∗
0F × ∇
∗
0G
)
+
(
∂F
∂w
∂G
∂t
−
∂F
∂t
∂G
∂w
)
, (11)
where the gyrocenter Jacobian
Jgy =
e
c
B∗ǫ‖ = b̂0 ·
e
c
B
∗
ǫ =
e
c
B∗0‖ + ǫ
e
c
〈A1‖gc〉 b̂0 ·∇× b̂0, (12)
is defined in terms of the gyrocenter symplectic magnetic field
B
∗
ǫ ≡ ∇×A
∗
ǫ = ∇×
(
A
∗
0 + ǫ 〈A1‖gc〉 b̂0
)
= B∗0 + ǫ ∇×
(
〈A1‖gc〉 b̂0
)
, (13)
with A∗0 ≡ A0+(c/e) (p‖ b̂0−J R
∗
0) and B
∗
0‖ ≡ b̂0 ·B
∗
0. In the gyrocenter Poisson bracket (11), the modified gradient
operator ∇∗ǫ is defined as
∇
∗
ǫ ≡ ∇
∗
0 − ǫ
eb̂0
c
(
∂〈A1‖gc〉
∂t
∂
∂w
+
∂〈A1‖gc〉
∂J
∂
∂ζ
)
, (14)
where ∇
∗
0 ≡ ∇+R
∗
0 ∂/∂ζ. We note that the guiding-center Poisson bracket { , }gc ≡ { , }0 used in the Hamiltonian
representation is obtained from the gyrocenter Poisson bracket (11) by setting the perturbation parameter ǫ = 0.
Lastly, we note that the gyrocenter Poisson bracket (11) satisfies the standard properties of a Poisson bracket (i.e.,
antisymmetry, Leibniz, and Jacobi), where the Jacobi identity{
F , {G, H}gy
}
gy
+
{
G, {H, F}gy
}
gy
+
{
H, {F , G}gy
}
gy
= 0, (15)
which holds for any three functions (F ,G,H) on extended gyrocenter phase space, follows from the fact that the
gyrocenter symplectic magnetic field (13) is divergenceless: ∇ ·B∗ǫ ≡ ∇ · (∇×A
∗
ǫ ) = 0. In addition, we show in
App. A that the gyrocenter Poisson bracket (11) satisfies the Liouville property
{F , G}gy ≡
1
B∗
ǫ‖
∂
∂Z
a
(
B∗ǫ‖ {F , Z
a
}gy G
)
, (16)
which hold for all functions (F ,G) and for any value of the perturbation ordering parameter ǫ (including ǫ = 0). This
property guarantees that the identity
∫
Jgy {F , G}gyd
8Z ≡ 0 is always satisfied .
III. GYROCENTER HAMILTONIAN IN THE PARALLEL-SYMPLECTIC REPRESENTATION
By using the gyrocenter Poisson bracket (11), the gyrocenter Hamilton equations in extended gyrocenter phase
space are expressed as Z˙
a
gy ≡ {Z
a
,Hgy}gy in terms of the extended gyrocenter Hamiltonian Hgy ≡ Hgy − w. In
particular, the gyrocenter Hamilton equations for X and p‖ are
X˙gy ≡ {X, Hgy}gy =
∂Hgy
∂p‖
B
∗
ǫ
B∗
ǫ‖
+
cb̂0
eB∗
ǫ‖
×∇Hgy, (17)
p˙‖gy ≡ {p‖, Hgy}gy = −
B
∗
ǫ
B∗
ǫ‖
·∇Hgy − ǫ
e
c
∂〈A1‖gc〉
∂t
, (18)
5where we note that the gyrocenter parallel velocity
b̂0 · X˙gy ≡
∂Hgy
∂p‖
=
p‖
m
+ ǫ2
∂H2gy
∂p‖
(19)
includes the unperturbed component p‖/m and a second-order correction (we will show below that ∂H1gy/∂p‖ ≡ 0
in the parallel-symplectic representation). In addition, within the gyrocenter Hamiltonian dynamics, we note that
the gyrocenter gyroaction J is a gyrocenter invariant (i.e., J˙gy = − ∂Hgy/∂ζ ≡ 0). We remark that the gyrocenter
parallel-force equation (18) includes a contribution from the parallel inductive electric field in the parallel-symplectic
representation, which is absent in the Hamiltonian representation.
We also note that the gyrocenter Hamilton equations (17)-(18) satisfy the gyrocenter Liouville Theorem
∂Jgy
∂t
+ ∇ ·
(
Jgy X˙gy
)
+
∂
∂p‖
(
Jgy p˙‖gy
)
= 0. (20)
The proof of Eq. (20) follows simply from the expressions
∇ ·
(
Jgy X˙gy
)
=
e
c
B
∗
ǫ ·∇
∂Hgy
∂p‖
+
e
c
∂B∗ǫ
∂p‖
·∇Hgy,
∂
∂p‖
(
Jgy p˙‖gy
)
= −
e
c
B
∗
ǫ ·∇
∂Hgy
∂p‖
−
e
c
∂B∗ǫ
∂p‖
·∇Hgy − ǫ
e
c
∂〈A1‖gc〉
∂t
∂Jgy
∂p‖
,
where we used ∇ ·B∗ǫ = 0, ∂B
∗
ǫ/∂p‖ = ∇× (cb̂0/e). We now recover the gyrocenter Liouville Theorem (20) provided
the gyrocenter Liouville condition
ǫ
e
c
∂〈A1‖gc〉
∂t
∂Jgy
∂p‖
=
∂Jgy
∂t
(21)
is satisfied, which requires that the first-order correction is kept in the gyrocenter Jacobian (15). In addition to
guaranteeing the proper Hamiltonian dynamics in gyrocenter phase space, we will show in Sec. V how the gyrocenter
Liouville condition (21) also guarantees energy conservation.
Up to now, the gyrocenter Hamilton equations (17)-(18) and the gyrocenter Liouville Theorem (20) are valid for
any Hamiltonian that satisfies the gyroaction-invariance property J˙gy = − ∂Hgy/∂ζ ≡ 0. We now proceed with the
derivation of the gyrocenter Hamiltonian
Hgy ≡ T
−1
gy Hgc = H0gc + ǫ (eΦ1gc − G1 · dH0gc) + ǫ
2
[
1
2
G1 · d (G1 · dH0gc)− G1 · d(eΦ1gc)− G2 · dH0gc
]
+ · · · (22)
by Lie-transform perturbation method by using the components (5) and (7) of the phase-space generating vector fields
G1 and G2 associated with the gyrocenter transformation. Here, the lowest-order extended guiding-center Hamiltonian
is H0gc ≡ Kgc − w, where Kgc = J Ω0 + p
2
‖/2m denotes the unperturbed guiding-center kinetic energy.
A. First-order gyrocenter Hamiltonian
The gyroangle-independent part of the first-order gyrocenter Hamiltonian equation
H1gy = eΦ1gc − G
a
1 ∂aH0gc = eΦ1gc −
eΩ
c
A1⊥gc ·
∂ρ0
∂ζ
−
({
S1, H0gc
}
0
+
ep‖
mc
A˜1‖gc
)
, (23)
yields the first-order gyrocenter Hamiltonian
H1gy = e 〈Φ1gc〉 −
eΩ
c
〈
A1⊥gc ·
∂ρ0
∂ζ
〉
≡ e 〈χ1gc〉, (24)
where the first-order components Ga1 are defined in Eq. (5). Here, the parallel component A1‖ is absent from
Eq. (24), and the first-order gyrocenter Hamiltonian (24) does not depend on the parallel kinetic momentum p‖
(i.e., ∂H1gy/∂p‖ = 0), so that Eq. (19) yields ∂Hgy/∂p‖ − p‖/m ≡ O(ǫ
2).
6The gyroangle-dependent part of Eq. (23) yields the Lie-transform equation for the first-order gauge function S1:
dgcS1
dt
≡ {S1, H0gc}0 = e Φ˜1gc −
ep‖
mc
A˜1‖gc −
eΩ
c
(
A1⊥gc ·
∂ρ0
∂ζ
−
〈
A1⊥gc ·
∂ρ0
∂ζ
〉)
≡ e ψ˜1gc. (25)
We note that the definition of the first-order gauge function S1 is independent of the representation used in gyrokinetic
theory. Indeed, to lowest order in the guiding-center ordering and finite-Larmor-radius (FLR) effects, where dgcS1/dt ≃
Ω0 ∂S1/∂ζ, the first-order gauge function is defined by the indefinite gyroangle integral
S1 ≃
e
Ω0
∫
ψ˜1gc dζ ≃ −mρ0 ·
(
cb̂0
B0
×∇Φ1 +
p‖
mB0
B1⊥ +
e
mc
A1⊥
)
, (26)
which is identical to the first-order gyrocenter gauge function obtained in the Hamiltonian representation (see Sec. 3.2
of Ref. [3] for more details). Here, we used the approximation B1⊥ ≃ ∇A1‖× b̂0.
B. Second-order gyrocenter Hamiltonian
The gyroangle-independent part of the second-order gyrocenter Hamiltonian equation
H2gy = −G
a
2 ∂aH0gc −
1
2
Ga1 ∂a(eΦ1gc + H1gy)
= −
e
2
ρ1gy ·
(
E1gc +
1
c
{
X+ ρ0, Kgc
}
0
×B1gc
)
−
e
2c
A1⊥gc ·
{
X+ ρ0, e 〈χ1gc〉
}
0
+
e
2c
[(
GJ1
∂
∂J
+GX1 ·∇
)
p‖
m
〈A1‖gc〉 −G
X
1 · b̂0
d0〈A1‖gc〉
dt
]
−
{
S2, H0gc
}
0
−
1
2
{
S1, e 〈χ1gc〉
}
0
(27)
yields the second-order gyrocenter Hamiltonian
H2gy = −
e
2
〈
ρ1gy ·
(
E1gc +
1
c
{
X+ ρ0, Kgc
}
0
×B1gc
)〉
−
e
2c
〈
A1⊥gc ·
{
X+ ρ0, e 〈ψ1gc〉
}
0
〉
, (28)
where 〈ψ1gc〉 ≡ 〈χ1gc〉 − 〈A1‖gc〉 p‖/mc, the second-order components G
a
2 are defined in Eq. (7), while the first-order
gyrocenter displacement ρ1gy is defined in Eq. (8), and we introduced the guiding-center first-order electric field
E1gc ≡ −∇Φ1gc − c
−1∂A1gc/∂t. We note that the equation for the second-order gauge function S2 is not needed in
what follows since we are not interested in continuing the derivation of the gyrocenter Hamiltonian beyond the second
order.
In App. B, we derive the identity
e
〈
{S1,X+ ρ0}0 ·
(
E1gc +
1
c
{X+ ρ0,Kgc}0 ×B1gc
)〉
= −
e
c
〈
A1gc ·
{
X+ ρ0, e ψ˜1gc
}
0
〉
−
〈{
S1, e ψ˜1gc
}
0
〉
+
e
c
dgc
dt
〈A1gc ·ρ1gy〉, (29)
where we used the first-order equation (25) for S1. Hence, the second-order gyrocenter Hamiltonian (28) can also be
written as
H2gy =
e2
2mc2
(〈
|A1⊥gc|
2
〉
+
〈
(A˜1‖gc)
2
〉)
−
1
2
〈{
S1, {S1, H0gc}0
}
0
〉
≡ −
1
2
〈
£1gy
(
e ψ1gc
)〉
, (30)
where we used Eq. (25) and we eliminated the exact time derivative (which can be ignored in Hamiltonian mechanics).
We note that the second-order gyrocenter Hamiltonian (30) depends on p‖ only through the gyrocenter ponderomotive
Hamiltonian − 1
2
〈{S1, {S1, H0gc}0}0〉. Indeed, we find
∂H2gy
∂p‖
= −
〈{
S1, e
∂ψ˜1gc
∂p‖
}
0
〉
=
e
mc
〈
{S1, A˜1‖gc}0
〉
≃ −
e
mc
〈ρ1gy〉 ·∇A1‖, (31)
which, to lowest order in FLR effects, becomes
∂H2gy
∂p‖
≃ −
B1⊥
B0
·
(
cb̂0
B0
×∇Φ1 +
p‖
m
B1⊥
B0
+
e
mc
A1⊥
)
, (32)
where we used Eq. (26).
7C. Gyrocenter Hamiltonian
By combining the first-order and second-order gyrocenter Hamiltonians (24) and (30), the gyrocenter Hamiltonian
is defined in the parallel-symplectic representation as
Hgy =
p2‖
2m
+ J Ω0 + ǫ
(
e 〈Φ1gc〉 −
eΩ
c
〈
A1⊥gc ·
∂ρ0
∂ζ
〉)
−
ǫ2
2
〈
£1gy
(
e ψ1gc
)〉
. (33)
From this expression and Eq. (31), we easily find the parallel gyrocenter velocity
b̂0 · X˙gy =
∂Hgy
∂p‖
=
p‖
m
+ ǫ2
e
mc
〈
{S1, A˜1‖gc}0
〉
. (34)
We note that this expression corresponds to the gyroangle-averaged gyrocenter push-forward 〈T−1gy (p‖/m)〉 of the
guiding-center parallel kinetic momentum p‖ (viewed here as a function on guiding-center phase space), where T
−1
gy p‖
is expanded up to second order in the perturbation parameter ǫ: T−1gy p‖ = p‖ − ǫG
p‖
1 − ǫ
2 (G
p‖
2 −
1
2
G1 · dG
p‖
1 ), with
〈G
p‖
1 〉 = 〈b̂0 ·∇S1 + (e/c) A˜1‖gc〉 = 0.
Lastly, the Eulerian variation of the gyrocenter Hamiltonian (33) appearing in the gyrokinetic variational principle
[see Eq. (41) below] can be expressed as
δHgy = ǫ
(
e 〈δΦ1gc〉 −
eΩ
c
〈
δA1⊥gc ·
∂ρ0
∂ζ
〉)
− ǫ2
〈
£1gy(e δψ1gc)
〉
≡
∫ [
ǫ δΦ1(x)
(
ǫ−1
δHgy
δΦ1(x)
)
+ ǫ δA1‖(x)
(
ǫ−1
δHgy
δA1‖(x)
)
+ ǫ δA1⊥(x) ·
(
ǫ−1
δHgy
δA1⊥(x)
)]
d3x, (35)
where the functional derivatives
ǫ−1
δHgy
δΦ1(x)
= 〈e δ3gc〉 − ǫ
〈
£1gy(e δ
3
gc)
〉
, (36)
ǫ−1
δHgy
δA1‖(x)
= ǫ
〈
£1gy
(
e δ3gc
p‖
mc
)〉
, (37)
ǫ−1
δHgy
δA1⊥(x)
= −
eΩ
c
〈
δ3gc
∂ρ0
∂ζ
〉
+ ǫ
〈
£1gy
(
eΩ
c
δ3gc
∂ρ0
∂ζ
)〉
(38)
are expressed in terms of the guiding-center spatial delta function δ3gc ≡ δ
3(X + ρ0 − x). We note that, by defini-
tion, these functional derivatives automatically reduce the maximum perturbation order by one (i.e., a gyrocenter
Hamiltonian truncated at second order in ǫ yields functional derivatives that are truncated at first order in ǫ).
IV. GYROKINETIC VARIATIONAL PRINCIPLE
In order to derive a self-consistent set of energy-conserving gyrokinetic Vlasov-Maxwell equations in the parallel-
symplectic representation, we now introduce the following gyrokinetic variational principle [9, 10]. First, the action
functional for the gyrokinetic Vlasov-Maxwell equations in the parallel-symplectic representation is
Agy[F ,Φ1,A1] = −
∑∫
FgyHgy d
8Z +
∫
d3x dt
8π
(
ǫ2 |∇Φ1|
2 − |B0 + ǫ∇×A1|
2
)
, (39)
where the variational fields are the gyrocenter Vlasov distribution F and the first-order perturbed potentials (Φ1,A1),
while
∑
denotes a sum over particle species and d8Z ≡ d6Z dw dt. We note that the gyrokinetic action functional
(39) has the same form in all representations and all differences between representations will arise from the specific
forms of the Eulerian variations δFgy and δHgy. Here, the extended gyrocenter Vlasov density
Fgy(Z) ≡ Jgy F (X, p‖, t; J) δ(w −Hgy) = Jgy F(Z) (40)
includes the energy delta function δ(w − Hgy), which ensures that the physical gyrocenter motion in extended gy-
rocenter phase space takes place on the surface Hgy = Hgy − w ≡ 0 [9, 10], and the time-dependent gyrocenter
Jacobian Jgy = (e/c)B
∗
ǫ‖ depends on A1 through 〈A1‖gc〉. In addition, the gyrocenter Vlasov distribution function
F ≡ T−1gy F ≡ T
−1
gy (T
−1
gc f) is defined as the gyrocenter push-forward of the guiding-center Vlasov distribution function
F , which in turn is defined as the guiding-center push-forward of the particle Vlasov distribution function f [16].
8A. Eulerian variations
We now evaluate the Eulerian variation δAgy of the gyrocenter action functional (39):
δAgy = −
∑∫ (
δFgyHgy + Fgy δHgy
)
d8Z +
∫
d3x dt
4π
(
ǫ2 ∇δΦ1 ·∇Φ1 − ǫ∇× δA1 ·B
)
, (41)
where B = B0+ ǫB1 denotes the total magnetic field and the Eulerian variation δHgy of the gyrocenter Hamiltonian
is given by Eq. (35). The Maxwell variation, on the other hand, is
ǫ2
4π
∇δΦ1 ·∇Φ1 −
ǫ
4π
∇× δA1 ·B = − ǫ δΦ1
( ǫ
4π
∇2Φ1
)
− ǫ δA1 ·
(
∇×B
4π
)
+∇ ·
(
ǫ2
δΦ1
4π
∇Φ1 − ǫ
δA1
4π
×B
)
,
which yields
− ǫ
∫ [
δΦ1
( ǫ
4π
∇2Φ1
)
− δA1 ·
(
∇×B
4π
)]
d3x, (42)
where the space divergence terms contribute to the gyrokinetic Noether equation [see Eq. (47) below] as we will show
in the next Section. Here, the surface terms vanish since δΦ1 and δA1 are assumed to vanish on the integration
boundary.
Lastly, we evaluate the constrained Eulerian variation of the extended gyrocenter Vlasov density (40):
δFgy = δJgy F + Jgy δF
=
(
ǫ
e
c
〈δA1‖gc〉 b̂0 ·∇× b̂0
)
F + Jgy
(
{δS, F}gy + ǫ
e
c
〈δA1‖gc〉
∂F
∂p‖
)
≡ −
∂
∂Z
a
(
Fgy δZ
a
)
, (43)
where we used
δJgy = ǫ
e
c
〈δA1‖gc〉 b̂0 ·∇× b̂0 = ǫ
e
c
〈δA1‖gc〉
∂Jgy
∂p‖
,
and the virtual displacement δZ
a
in extended gyrocenter phase space is defined as
δZ
a
≡
{
Z
a
, δS
}
gy
− ǫ
e
c
〈δA1‖gc〉 b̂0 ·
{
X, Z
a
}
gy
, (44)
and we used the relation ∂a(B
∗
ǫ‖ δZ
a
) = − ǫ 〈δA1‖gc〉 b̂0 ·∇× b̂0 ≡ − δB
∗
ǫ‖. Here, δS generates the canonical part of
a virtual transformation in extended phase space, and we used the gyrocenter Liouville property B∗ǫ‖ {δS, F}gy =
∂a(B
∗
ǫ‖F {δS,Z
a
}gy) to obtain the last expression in Eq. (43). We note that the term involving 〈δA1‖gc〉 in Eq. (43)
appears as a result of the parallel-symplectic representation, i.e., because the first-order gyrocenter symplectic one-
form (4) is not zero (unlike in the Hamiltonian representation). A similar expression arises in the Eulerian variational
formulation of guiding-center Vlasov-Maxwell theory [17].
B. Gyrokinetic variational principle
By combining Eqs. (35) and (42)-(43) into the gyrokinetic variational principle (41), we obtain
δAgy = −
∑∫
d8Z
[
− Hgy
∂
∂Z
a
(
Fgy δZ
a
)
+ Fgy
(
ǫ e
〈
δΦ1gc −
Ω
c
∂ρ0
∂ζ
· δA1⊥gc − ǫ£1gy(δψ1gc)
〉)]
−
∫
d4x
4π
(
ǫ2 δΦ1 ∇
2Φ1 + ǫ δA1 ·∇×B
)
. (45)
By integrating by parts the Vlasov variation term δFgyHgy (here, we also assume that the components δZ
a
vanish
on the phase-space integration boundary), we find
−
∫
d8Z Hgy
∂
∂Z
a
(
Fgy δZ
a
)
=
∫
d8Z Jgy
[
δS
{
F , Hgy
}
gy
− ǫ
e
c
〈δA1‖gc〉 F
∂Hgy
∂p‖
]
,
9where the space-time divergence terms contribute to the gyrokinetic Noether equation (47). Hence, we rewrite Eq. (45)
as
δAgy = −
∫
d4x
4π
(
ǫ2 δΦ1 ∇
2Φ1 + ǫ δA1 ·∇×B
)
−
∑∫
d8Z Jgy δS
{
F , Hgy
}
gy
−
∑
e
∫
d8Z Fgy
[
ǫ
〈
δΦ1gc −
Ω
c
∂ρ0
∂ζ
· δA1⊥gc
〉
− ǫ
e
c
〈δA1‖gc〉
∂Hgy
∂p‖
− ǫ2
〈
£1gy(δψ1gc)
〉]
. (46)
In the next Section, we will derive the gyrokinetic Vlasov-Maxwell equations from the gyrokinetic variational principle
δAgy = 0 for all variations (δS, δΦ1, δA1‖, δA1⊥).
Lastly, we note that, once the gyrokinetic Vlasov-Maxwell equations from the gyrokinetic variational principle,
the action variation (46) will be expressed in the form δAgy ≡
∫
δLgy d
3x dt, from which we obtain the gyrokinetic
Noether equation
δLgy =
∂
∂t
(∑∫
Fgy δS d
4P
)
+ ∇ ·
[∑∫
Fgy δS X˙gy d
4P +
(
ǫ2
δΦ1
4π
∇Φ1 − ǫ
δA1
4π
×B
)]
, (47)
where d4P = dp‖dJdζdw and the variations (δS, δΦ1, δA1, δLgy) will be expressed in terms of either a virtual time
translation t → t + δt or a virtual space translation x → x + δx, from which we will derive the gyrokinetic energy-
momentum conservation laws, respectively. In the next Section, we will also derive the gyrokinetic energy conservation
law (as well as the proof that energy is exactly conserved), while the gyrokinetic momentum conservation law will be
derived elsewhere.
V. GYROKINETIC VLASOV-MAXWELL EQUATIONS
In this Section, the gyrokinetic Vlasov-Maxwell equations are derived from the gyrokinetic variational principle
based on Eq. (46). Stationarity of the gyrokinetic action with respect to arbitrary variations (δS, δΦ1, δA1‖, δA1⊥) will
yield, respectively, the gyrokinetic Vlasov equation, the gyrokinetic Poisson equation, the gyrokinetic parallel-Ampe`re
equation, and the gyrokinetic perpendicular-Ampe`re equation, respectively. We also show that the gyrokinetic Vlasov-
Maxwell equations possess an exact energy conservation law that is derived from the gyrokinetic Noether equation
(47).
A. Gyrokinetic Vlasov equation
The extended gyrokinetic Vlasov equation {F ,Hgy}gy = 0 is obtained by requiring that δAgy vanishes for an
arbitrary variation δS. Upon integration with respect to w, and using the gyrocenter Liouville property (16), we
recover the divergence form of the gyrokinetic Vlasov equation:
0 =
∫
dw B∗ǫ‖ {F , Hgy}gy =
∫
∂
∂Z
a
(
B∗ǫ‖ F
{
Z
a
, Hgy
}
gy
)
dw
=
∂
∂t
(∫
B∗ǫ‖ F dw
)
+ ∇ ·
(∫
B∗ǫ‖F X˙gydw
)
+
∂
∂p‖
(∫
B∗ǫ‖F p˙‖gydw
)
=
∂(B∗
ǫ‖ F )
∂t
+ ∇ ·
(
B∗ǫ‖ F X˙gy
)
+
∂
∂p‖
(
B∗ǫ‖ F p˙‖gy
)
, (48)
where we used the definition (40) of the extended gyrocenter Vlasov distribution. We obtain the gyrokinetic Vlasov
equation
∂F
∂t
+ X˙gy ·∇F + p˙‖gy
∂F
∂p‖
=
(
∂F
∂t
− ǫ
e
c
∂〈A1‖gc〉
∂t
∂F
∂p‖
)
+
{
F , Hgy
}
gy
= 0 (49)
from Eq. (48) once we use the gyrocenter Liouville Theorem (20). The gyrokinetic Vlasov equation (49) describes
the time evolution of the gyrocenter Vlasov distribution F (X, p‖, t; J) in the 4 + 1 reduced gyrocenter phase space
(X, p‖; J), where the gyrocenter Hamilton equations (17)-(18) are used as characteristics. Here, the term ζ˙gy ∂F/∂ζ
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is absent because ∂F/∂ζ ≡ 0 (i.e., the gyrocenter Vlasov distribution is gyroangle-independent at all orders in the
guiding-center and gyrocenter orderings) and the gyrocenter gyroaction J appears as a gyrocenter invariant because
J˙gy ≡ 0 (once again because the gyrocenter Hamiltonian is gyroangle-independent at all orders in the guiding-center
and gyrocenter orderings).
B. Gyrokinetic Maxwell equations
We now derive the gyrokinetic Maxwell equations from the gyrokinetic variational principle (46). We begin with
the gyrokinetic Poisson equation, which is derived from the stationarity of the gyrokinetic action functional (46) with
respect to variations δΦ1:
ǫ∇2Φ1(x, t) = − 4π
∑
e
∫
Jgy F
〈
δ3gc − ǫ £1gy
(
δ3gc
)〉
d6Z, (50)
where we used the functional derivative (36) and the first-order gyrocenter Lie-derivative of the (lowest-order) guiding-
center charge distribution e δ3gc is expressed as
£1gy
(
e δ3gc
)
= {S1, e δ
3
gc}0 +
e
c
(
A1⊥gc ·
{
X+ ρ0, e δ
3
gc
}
0
+ A˜1‖gc b̂0 ·
{
X, e δ3gc
}
0
)
= {S1, e δ
3
gc}0 = e
{
S1, X+ ρ0
}
0
·∇δ3gc ≡ − ǫ eρ1gy ·∇δ
3
gc. (51)
By substituting Eq. (51) into the gyrokinetic Poisson equation (50), we obtain
ǫ∇2Φ1 = − 4π
∑∫
Jgy F
(
e
〈
δ3gc
〉
+ ǫ
〈
eρ1gy ·∇δ
3
gc
〉)
d6Z ≡ − 4π
(
̺gy − ∇ ·Pgy
)
, (52)
where ̺gy denotes the gyrocenter charge density and the gyrocenter polarization charge density −∇ ·Pgy is expressed
in terms of the gyrocenter polarization Pgy, which includes a contribution from the first-order gyrocenter electric-
dipole moment eρ1gy defined in Eq. (8). To lowest order in ǫ, Eq. (52) yields the guiding-center quasineutrality
condition ̺0gy = ∇ ·P0gy.
Next, we turn our attention to the gyrokinetic parallel-Ampe`re equation, which is derived from the stationarity of
the gyrokinetic action functional (46) with respect to variations δA1‖:
b̂0 ·∇×B = 4π
∑ e
c
∫
Jgy F
[
〈δ3gc〉
(
p‖
m
+ ǫ2
e
mc
〈
{S1, A˜1‖gc}0
〉)
− ǫ
〈
£1gy
(
δ3gc
p‖
m
)〉]
d6Z, (53)
where we used the functional derivative (37) and the right side contains second-order gyrocenter ponderomotive
corrections due to the parallel gyrocenter velocity (34). We note that an important difference between the Hamilto-
nian and parallel-symplectic representations of gyrokinetic Vlasov-Maxwell theory involves the nonlinear gyrocenter
parallel current associated with the ponderomotive contribution 〈{S1, A˜1‖gc}0〉, which is absent in the Hamiltonian
representation.
On the other hand, the gyrokinetic perpendicular-Ampe`re equation is derived from the stationarity of the gyrokinetic
action functional (46) with respect to variations δA1⊥:
(∇×B)⊥ = 4π
∑ e
c
∫
Jgy F
[〈
δ3gc Ω
∂ρ0
∂ζ
〉
− ǫ
〈
£1gy
(
δ3gc Ω
∂ρ0
∂ζ
)〉]
d6Z, (54)
where we used the functional derivative (38) and we use the notation (∇×B)⊥ ≡ b̂0 × [(∇×B)× b̂0]. We may
combine these two equations to write the gyrokinetic Ampe`re equation
∇×B = 4π
∑ e
c
∫
Jgy F
[〈
δ3gc
{
X+ ρ0,Kgc
}
0
〉
+ ǫ2 b̂0
( e
mc
〈
{S1, A˜1‖gc}0
〉)
− ǫ
〈
£1gy
(
e δ3gc
{
X+ ρ0,Kgc
}
0
)〉]
d6Z, (55)
where the first-order gyrocenter Lie-derivative of the guiding-center current distribution e δ3gc {X + ρ0, Kgc}0 is
expressed as
£1gy
(
e δ3gc
{
X+ ρ0,Kgc
}
0
)
= − e δ3gc
(
b̂0 ×
{
X+ ρ0, e 〈ψ1gc〉
}
0
)
× b̂0
−
dgc
dt
(
e δ3gc ρ1gy
)
−
(
e ρ1gy ×
{
X+ ρ0,Kgc
}
0
)
×∇δ3gc, (56)
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where we used the identity b̂0 · {X+ ρ0, e 〈ψ1gc〉}0 = − (e/mc)〈A1‖gc〉. By substituting Eq. (56) into the gyrokinetic
Ampe`re equation (55), we obtain
∇×B =
4π
c
∑∫
Jgy F
[〈
e δ3gc
{
X+ ρ0, Kgc
}
0
〉
+ ǫ
〈
e δ3gc
(
b̂0 ×
{
X+ ρ0, e 〈ψ1gc〉
}
0
)〉
× b̂0
+ ǫ2 b̂0
( e
mc
〈
{S1, A˜1‖gc}0
〉)
+ ǫ
dgc
dt
〈
e δ3gc ρ1gy
〉
+ ǫ
〈(
e ρ1gy ×
{
X+ ρ0, Kgc
}
0
)
×∇δ3gc
〉]
d6Z
≡
4π
c
(
Jgy +
∂Pgy
∂t
+ c∇×Mgy
)
. (57)
Here, Jgy denotes the gyrocenter current density, the gyrocenter polarization current density ∂Pgy/∂t is expressed in
terms of the gyrocenter polarization Pgy, and the gyrocenter magnetization current density c∇×Mgy is expressed
in terms of the gyrocenter magnetization Mgy. We note that the gyrocenter current density Jgy includes gyrocenter
contributions up to second order in the perturbation parameter ǫ, represented by the first three terms in the integrand
on the right of Eq. (57), respectively. To lowest order in ǫ, Eq. (57) yields the guiding-center Ampe`re equation
∇×B0 = 4π (J0gy + c∇×M0gy).
C. Energy conservation law
We now show that the gyrokinetic Vlasov-Maxwell equations (49), (52) and (55), derived here in the parallel-
symplectic representation, possess an exact energy conservation law. For this purpose, we return to the gyrokinetic
Noether equation (47) and consider a virtual time translation t→ t+ δt, with [9, 10]
δS = −w δt
δΦ1 = − δt ∂Φ1/∂t
δA1 = − δt ∂A1/∂t
 , (58)
and
δLgy = − δt
∂
∂t
[
1
8π
(
ǫ2 |∇Φ1|
2 − |B0 + ǫ∇×A1|
2
)]
= δt
∂
∂t
[
1
8π
(
ǫ2 |∇Φ1|
2 + |B0 + ǫ∇×A1|
2
)
+ ǫΦ1
( ǫ
4π
∇2Φ1
)]
− δt ∇ ·
[
∂
∂t
(
ǫ2
4π
Φ1 ∇Φ1
)]
. (59)
If we insert these expressions into the gyrokinetic Noether equation (47), we obtain the local gyrokinetic energy
conservation law
0 =
∂
∂t
[∑∫
Fgy w d
4P + ǫΦ1
( ǫ
4π
∇2Φ1
)
+
1
8π
(
ǫ2 |∇Φ1|
2 + |B0 + ǫ∇×A1|
2
)]
+ ∇ ·
[∑∫
Fgy w X˙gy d
4P −
ǫ
4π
(
ǫΦ1 ∇
∂Φ1
∂t
+
∂A1
∂t
·∇×B
)]
, (60)
whose form is identical to the case of the Hamiltonian representation [10]. When this local conservation is integrated
over the entire spatial volume (assuming that the fields (Fgy,Φ1,A1) vanish on the integration boundary, we obtain
the global gyrokinetic energy conservation law dEgy/dt = 0, where the total gyrokinetic energy is
Egy =
∑∫
Fgy w d
6Z dw +
∫
d3x
[
ǫΦ1
( ǫ
4π
∇2Φ1
)
+
1
8π
(
ǫ2 |∇Φ1|
2 + |B0 + ǫ∇×A1|
2
)]
=
∑∫
Jgy F
[
Hgy − e ǫ
(
〈Φ1gc〉 − ǫ
〈
{S1, Φ1gc}0
〉)]
d6Z
+
∫
d3x
8π
(
ǫ2 |∇Φ1|
2 + |B0 + ǫ∇×A1|
2
)
,
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where we inserted the gyrokinetic Poisson equation (52). We now evaluate the time derivative of the total gyrokinetic
energy (61):
dEgy
dt
=
∑∫ ∂(Jgy F )
∂t
[
Hgy − e ǫ
(
〈Φ1gc〉 − ǫ
〈
{S1, Φ1gc}0
〉)]
d6Z
+
∑∫
Jgy F
[
∂Hgy
∂t
− e ǫ
(
∂〈Φ1gc〉
∂t
− ǫ
〈{
∂S1
∂t
,Φ1gc
}
0
+
{
S1,
∂Φ1gc
∂t
}
0
〉)]
d6Z
+
∫
d3x
[
ǫ Φ1
(
−
ǫ
4π
∇2
∂Φ1
∂t
)
+
ǫ
4π
∂A1
∂t
·∇×B
]
,
which becomes
dEgy
dt
=
∑∫ [∂(Jgy F )
∂t
Hgy + Jgy F
(
ǫ
e
c
∂〈A1‖gc〉
∂t
∂Hgy
∂p‖
)]
d6Z, (62)
after inserting the gyrokinetic Maxwell equations (52) and (55). By integrating the second term by parts, we find∫
Jgy F
(
ǫ
e
c
∂〈A1‖gc〉
∂t
∂Hgy
∂p‖
)
d6Z = −
∫ [
F Hgy
(
ǫ
e
c
∂〈A1‖gc〉
∂t
∂Jgy
∂p‖
)
+ JgyHgy
(
ǫ
e
c
∂〈A1‖gc〉
∂t
∂F
∂p‖
)]
,
so that Eq. (62) becomes
dEgy
dt
=
∑∫ [
JgyHgy
(
∂F
∂t
− ǫ
e
c
∂〈A1‖gc〉
∂t
∂F
∂p‖
)
+ F Hgy
(
∂Jgy
∂t
− ǫ
e
c
∂〈A1‖gc〉
∂t
∂Jgy
∂p‖
)]
d6Z. (63)
Lastly, using the gyrokinetic Vlasov equation (49), the first term vanishes∫
JgyHgy
(
∂F
∂t
− ǫ
e
c
∂〈A1‖gc〉
∂t
∂F
∂p‖
)
d6Z = −
∫
JgyHgy
{
F , Hgy
}
gy
= 0,
since JgyHgy {F ,Hgy}gy = Jgy {F Hgy, Hgy}gy can be written as an exact phase-space divergence. Hence, the exact
gyrokinetic energy conservation law dEgy/dt = 0 is satisfied by the gyrokinetic Vlasov-Maxwell equations (49), (52)
and (55), provided the gyrocenter Liouville condition (21) is satisfied.
VI. SUMMARY
In this paper, we have shown how the nonlinear gyrokinetic Vlasov-Maxwell equations (49), (52), and (55) in the
parallel-symplectic representation can be self-consistently derived from an Eulerian variational principle based on
the gyrokinetic action functional (45). From the gyrokinetic Noether equation (47) obtained from the variational
principle, we derived an exact energy conservation law for the gyrokinetic Vlasov-Maxwell equations (49), (52), and
(55) in the parallel-symplectic representation.
We now summarize the differences between the Hamiltonian and parallel-symplectic representations as follows.
First, in the parallel-symplectic representation, both the gyrocenter Poisson bracket (11) and the gyrocenter Jacobian
(15) include contributions from the gyroangle-averaged parallel component 〈A1‖gc〉. Despite these time-dependent
contributions, the gyrocenter Poisson bracket and the gyrocenter Jacobian still satisfy the gyrocenter Liouville Theo-
rem (16) and property (20), which play a crucial role in the variational derivation of the gyrokinetic Vlasov-Maxwell
equations (49), (52), and (55). Second, in the parallel-symplectic representation, the gyrocenter parallel-Ampe`re
equation (53) contains a second-order contribution that is derived from the second-order gyrocenter ponderomotive
Hamiltonian [see Eq. (34)]. In the Hamiltonian representation, this second-order ponderomotive contribution does not
appear in the the gyrocenter parallel-Ampe`re equation because the constrained variation (43) is now simply expressed
as δF ≡ {δS, F}0.
Lastly, we note that the truncated (δf) gyrokinetic Vlasov-Maxwell equations can be derived in the parallel-
symplectic representation from the truncated gyrokinetic variational principle [11]
Atrgy[F 1,Φ1,A1] = −
∑∫ [
FtrgyHtrgy −
ǫ2
2
J0gy F 0
〈
£1gy
(
e ψ1gc
)〉]
d8Z
+
∫
d3x dt
8π
(
ǫ2 |∇Φ1|
2 − |B0 + ǫ∇×A1|
2
)
, (64)
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where the truncated extended gyrocenter Vlasov density Ftrgy = Jgy (F 0+ ǫ F1) δ(w−Htrgy) is defined from Eq. (40)
by truncating the gyrocenter Hamiltonian (33) at first order in ǫ: Htrgy ≡ H0gy+ǫH1gy and expanding the gyrocenter
Vlasov distribution function F = F 0 + ǫ F 1 in terms of a time-independent reference gyrocenter Vlasov distribution
F 0 and a time-dependent departure F 1 from F 0 that is driven by linear and nonlinear effects. Here, the zeroth-order
gyrocenter Jacobian is J0gy = (e/c)B
∗
0‖ and F 0 is assumed to satisfy the zeroth-order gyrocenter Vlasov equation
{F 0, H0gy}0 = 0. Because the second-order gyrocenter ponderomotive Hamiltonian is now associated with the
gyrocenter Vlasov distribution F 0, however, it does not contribute a second-order contribution to the gyrocenter
parallel-Ampe`re equation (see Ref. [12] for additional details).
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Appendix A: Gyrocenter Liouville Property
In this Appendix, we prove the gyrocenter Liouville property (16) of the gyrocenter Poisson bracket (11). First, we
write the expression
1
B∗
ǫ‖
∂
∂Z
a
(
B∗ǫ‖ F {Z
a
, G}gy
)
=
1
B∗
ǫ‖
∂
∂Z
a
(
B∗ǫ‖ FJ
ab
gy
∂G
∂Z
b
)
=
1
B∗
ǫ‖
∂
∂Z
a
(
B∗ǫ‖ J
ab
gy
)
F
∂G
∂Z
b
+ {F , G}gy + F
(
Jabgy
∂2G
∂Z
a
∂Z
b
)
=
1
B∗
ǫ‖
∂
∂Z
a
(
B∗ǫ‖ J
ab
gy
)
F
∂G
∂Z
b
+ {F , G}gy, (A1)
where the last line is obtained by using the antisymmetry of the gyrocenter Poisson tensor Jabgy = {Z
a
,Z
b
}gy and the
symmetry of the second derivative ∂2abG, which yields J
ab
gy ∂
2
abG ≡ 0. Equation (A1), therefore, yields the gyrocenter
Liouville property
1
B∗
ǫ‖
∂
∂Z
a
(
B∗ǫ‖ F {Z
a
, G}gy
)
= {F , G}gy =
1
B∗
ǫ‖
∂
∂Z
b
(
B∗ǫ‖ {F , Z
b
}gy G
)
(A2)
provided the gyrocenter Liouville identities
0 =
∂
∂Z
a
(
B∗ǫ‖ J
ab
gy
)
= ∇ ·
(
B∗ǫ‖ {X, Z
b
}gy
)
+
∂
∂p‖
(
B∗ǫ‖ {p‖, Z
b
}gy
)
+
∂
∂J
(
B∗ǫ‖ {J, Z
b
}gy
)
+
∂
∂t
(
B∗ǫ‖ {t, Z
b
}gy
)
(A3)
are satisfied for all Z
b
, where we have used the fact that ∂ζ(B
∗
ǫ‖ {ζ, Z
b
}gy) = 0 = ∂w(B
∗
ǫ‖ {w, Z
b
}gy).
To prove the gyrocenter Liouville identities (A3), we write the components
B∗ǫ‖ {X, Z
b
}gy = B
∗
ǫ
∂Z
b
∂p‖
+
cb̂0
e
×∇
∗
0Z
b
,
B∗ǫ‖ {p‖, Z
b
}gy = − B
∗
ǫ ·
[
∇
∗
0Z
b
− ǫ
eb̂0
c
(
∂〈A1‖gc〉
∂J
∂Z
b
∂ζ
+
∂〈A1‖gc〉
∂t
∂Z
b
∂w
)]
,
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with {J, Z
b
}gy = − ∂Z
b
/∂ζ and {t, Z
b
}gy = − ∂Z
b
/∂w, where we note that the derivatives ∂aZ
b
≡ δba are constants.
Next, we write the derivatives
∇ ·
(
B∗ǫ‖ {X, Z
b
}gy
)
= ∇×
(
cb̂0
e
)
·∇
∗
0Z
b
−
cb̂0
e
·∇×R∗0
∂Z
b
∂ζ
,
∂
∂p‖
(
B∗ǫ‖ {p‖, Z
b
}gy
)
= − ∇×
(
cb̂0
e
)
·
[
∇
∗
0Z
b
− ǫ
eb̂0
c
(
∂〈A1‖gc〉
∂J
∂Z
b
∂ζ
+
∂〈A1‖gc〉
∂t
∂Z
b
∂w
)]
,
∂
∂J
(
B∗ǫ‖ {J, Z
b
}gy
)
= − ∇×
(
−R∗0 + ǫ
eb̂0
c
∂〈A1‖gc〉
∂J
)
·
cb̂0
e
∂Z
b
∂ζ
,
∂
∂t
(
B∗ǫ‖ {t, Z
b
}gy
)
= − ∇×
(
ǫ b̂0
∂〈A1‖gc〉
∂t
)
· b̂0
∂Z
b
∂w
.
which yield exact cancellations when inserted in Eq. (A3). Hence, since the gyrocenter Liouville identities (A3) are
satisfied, then we have proved the gyrocenter Liouville property (A2).
Appendix B: Gyrocenter Ponderomotive Hamiltonian
In this Appendix, we derive the gyrocenter Hamiltonian identity (29) as follows. First, using E1gc = −∇Φ1gc −
c−1∂tA1gc and B1gc = ∇×A1gc, we write
e
{
S1, X+ ρ0
}
0
·E1gc = − e {S1, X+ ρ0}0 ·∇Φ1gc −
e
c
{
S1, X+ ρ0
}
0
·
∂A1gc
∂t
= − {S1, eΦ1gc}0 +
e
c
∂
∂t
(
A1gc · {X+ ρ0, S1}0
)
−
e
c
A1gc ·
{
X+ ρ0,
∂S1
∂t
}
0
(B1)
and
e
{
S1, X+ ρ0
}
0
·
(
1
c
{X+ ρ0, Kgc}0 ×B1gc
)
=
e
c
{S1, X+ ρ0}0 ·∇A1gc · {X+ ρ0, Kgc}0
−
e
c
{X+ ρ0, Kgc}0 ·∇A1gc · {S1, X+ ρ0}0
=
{
S1,
e
c
A1gc · {X+ ρ0, Kgc}0
}
0
−
e
c
A1gc ·
{
S1, {X+ ρ0, Kgc}0
}
0
+
e
c
{Kgc, A1gc}0 · {S1, X+ ρ0}0, (B2)
where we used the identity {F, X + ρ0}0 ·∇(· · · )1gc ≡ {F, (· · · )1gc}0. Next, we use the Jacobi identity (15) for the
Poisson bracket { , }0 to obtain
−
e
c
A1gc ·
{
S1, {X+ ρ0, Kgc}0
}
0
= −
e
c
A1gc ·
({
X+ ρ0, {S1, Kgc}0
}
0
+
{
{S1, X+ ρ0}0, Kgc
}
0
)
(B3)
= −
e
c
A1gc ·
{
X+ ρ0, {S1, Kgc}0
}
0
+
e
c
{
A1gc · {X+ ρ0, S1}0, Kgc
}
0
−
e
c
{Kgc, A1gc}0 · {S1, X+ ρ0}0,
so that by adding Eqs. (B1)-(B2), we obtain
e
{
S1, X+ ρ0
}
0
·
(
E1gc +
1
c
{X+ ρ0, Kgc}0 ×B1gc
)
= − {S1, e ψ1gc}0 −
e
c
A1gc ·
{
X+ ρ0, {S1, H0gc}0
}
0
+
e
c
dgc
dt
(
A1gc · {X+ ρ0, S1}0
)
. (B4)
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Lastly, by using Eq. (25), we finally obtain the gyroangle-averaged expression (29):〈{
S1, X+ ρ0
}
0
·
(
eE1gc +
e
c
{X+ ρ0, Kgc}0 ×B1gc
)〉
= −
〈{
S1, {S1, H0gc}0
}
0
〉
−
e
c
〈
A1gc ·
{
X+ ρ0, e (ψ1gc − 〈ψ1gc〉)
}
0
〉
+
e
c
dgc
dt
〈
A1gc · {X+ ρ0, S1}0
〉
≡
e
c
〈
A1gc ·
{
X+ ρ0, e 〈ψ1gc〉
}
0
〉
+
e2
mc2
〈
|A1gc|
2
〉
−
〈{
S1, {S1, H0gc}0
}
0
〉
+
e
c
dgc
dt
〈χ2〉, (B5)
where we used the guiding-center identity {X+ ρ0, {X+ ρ0, Kgc}0}0 ≡ I/m and
〈χ2〉 ≡ 〈A1gc · {X+ ρ0, S1}0〉 =
〈
A1gc ·ρ1gy
〉
. (B6)
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